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ABSTRACT
A complete next-to-leading order calculation of longitudinally polarized heavy quark pho-
toproduction is presented. All results of the purturbative calculation are given in detail.
For reactions and energies of interest cross sections dierential in the transverse momentum
and rapidity of the heavy quark, total cross sections and the corresponding asymmetries are
given. Errors in the asymmetries are estimated and the possibility to distinguish between
various scerarios of the polarized gluon distribution is discussed. Our results are compared
with other related publications.
∗Present address: High Energy Physics Institute, Tbilisi State University, University St. 9, 380086





Deep inelastic scattering of longitudinally polarized particles has provided important
information on the spin structure of the nucleon. However, the size and shape of the polar-
ized gluon distribution g in the proton remains an essential problem. Signicant progress
requires experiments on reactions with longitudinally polarized particles dominated by sub-
processes with initial gluons. Such a reaction is
~γ + ~p ! Q (Q) + X; (1.1)
where Q (Q) denotes heavy quark (antiquark); this is dominated by
~γ + ~g ! Q + Q (1.2)
An experiment closely related to (1.1) is soon going to take place [1] and there are more
than one proposals [2].
At the Born level, (1.1) has been studied long ago [3,4]. However, the importance of
knowing the next-to-leading order corrections (NLOC) cannot be overemphasized. This
work presents detailed results on a NLOC calculation.
It should be noted that NLOC for (1.1) have already been published [5]. We believe,
however, that in view of the importance of (1.1), an independent determination of NLOC
in a dierent regularization approach (see below) is in order. Extensive comparisons with
the calculation of [5], as well as certain dierences in our view regarding certain questions
will be also reported.
At NLO, apart from the loop and gluon Bremsstrahlung (Brems) contributions to (1.2),
the subprocesses
~γ + ~q(~q) ! Q + Q + q(q); (1.3)
where q denotes a light quark, should also be taken into account.
We note that the Abelian part of NLOC for (1.4) provides the corrections to
~γ + ~γ ! Q + Q (1.4)
This part has already been determined [6,7]. NLOC to (1.4) are of interest in themselves
in connection with Higgs boson searches when the Higgs mass is in the range of 90 to 160
GeV.
The loop and 2 ! 3 parton graphs involved in NLOC introduce ultraviolet (UV),
infrared (IR) and collinear singularities, which are eliminated by working in n = 4 − 2"
dimensions. For polarized reactions this requires extension of the Dirac matrix γ5 in n 6= 4
dimensions. Unless otherwise stated, we work in the scheme of dimensional reduction
(RD), which simplies the calculation of the traces. Certain subtleties of RD have been
discussed in [6] and are mentioned below. Furthermore, we use parton distributions whose
evolution, via 2-loop anomalous dimensions, is determined in a scheme dierent from RD.
This necessitates the addition to our perturbative results of certain conversion terms.
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In all the above contributions the photon interacts in a direct way. In addition, there
are also resolved contributions, in which it interacts through its partonic constituents; in
fact, strictly speaking, at NLO, scheme independent cross sections arise only by adding
them. At this moment a complete calculation of the resolved contributions is not possible,
and we will be limited in giving an estimate.
The paper is organized as follows. Sect. II contains our general procedures, Sect. III dis-
cusses the loop contributions to the photon-gluon fusion subprocess and Sect. IV the corre-
sponding Brems ones. Sect. V presents analytic results on the subprocess (1.3). In Sect. VI
we derive the nesessary formulas for calculating various physical observables. Sect. VII
presents our numerical results and discusses the possibility to distinguish between three
sets diering essentially in the polarized gluon distribution function g. Sect. VIII deals
with our comparison with [5], as well as with [8]. Sect. IX presents our conclusions. Finally,
in three Appendices we present results completing our determination of NLOC.
II. GENERAL PROCEDURES
The Born and the loop contributions to γ + g ! Q + Q are shown in Fig. 1. With the
4-momenta pi; i = 1; :::; 4; as indicated and with m the heavy quark mass we dene:
s  (p1 + p2)2; t  T −m2  (p1− p3)2−m2; u  U −m2  (p2− p3)2−m2 (2.1)
Let Mi(1; 2) the amplitude of any of the contributing graphs, where 1; 2 the helicities







M j (+−)] (2.2)
where  denotes summation over the helicities and colors of the nal particles and average
over the colors of the initial. For the determination of the asymmetries we need also the
unpolarized cross sections, which correspond to the average of Mi(++)






v  1 + t=s w  −u=(s + t) (2.3)
To reduce the length of the subsequent expressions we will make use of the results presented








where   s=8e2Q and []dLO=dvdw the corresponding [polarized] unpolarized cross
sections for γγ ! Q Q (Eq. (9) of [6]). For later use we note that []dLO=dvdw are
proportional to:
















and (see also [8])















In determining the loop contributions, the renormalization of the heavy quark mass and
wave function were carried on shell, as in [6], i.e. the renormalized heavy quark self-energy





r(p) = 0 (2.6)
This determines the mass and wave function renormalization constants Zm and Z2 [6].
Dimensional reduction does not automatically satisfy the Ward identity
Z1 = Z2;
where Z1 is the renormalization constant for the vertex of the graph Fig. 1(d). This requires
the introduction of proper nite counterterm, of which the form is given in [6].
In the present case charge renormalization is also required. Dening







let g0(g) be the bare (renormalized) coupling, Zg = g0=g the charge renormalization con-
stant and b = (11NC − 2Nlf)=6, where Nlf is the number of light flavors. We take









where M is a regularization mass. In this scheme the contribution of a heavy quark loop
in the gluon self-energy is subtracted out, i.e. the heavy quark is decoupled [9,8]. This
is consistent with parton distributions Fa=p(x; Q
2) of which the evolution is determined
from split functions involving only light quarks, as is the case of Fa=p used below.
Finally, the renormalization of the gQ Q vertex was carried using the Slavnov-Taylor
identities [10].
III. LOOP CONTRIBUTIONS
The loop graphs contributing to (1.2) are depicted in Fig. 1. The integrals for the
Abelian type of graphs (a)-(e) were calculated in [6]. The non-Abelian graphs (g) and (h)









q; qq ; qqq
q2(q − p2)2[(q + p4 − p2)2 −m2][(q − p3)2 −m2]
As in [6], using Passarino-Veltman techniques [11], we reduce them to scalar ones; those
can be found in [12].
The contributions presented below include the t $ u crossing symmetric of Fig. 1 plus
UV counterterms; thus they contain no UV singularities.











where dvse=dvdw is given in Eq.(16) of [6] and
da−e
dv
























Here and subsequently the polarized cross sections are given by (3.1) and (3.2) with
d=dvdw, d=dv and  ~A1, i=1,...,4, replacing the corresponding unpolarized quan-










with dbox=dvdw in Eq.(22) of [6].






































































)− 2] + A01[4Li2( T
m2







) + A03 + (t $ u)g (3.7)
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In (3.5) and (3.7), []A1 are given in App. B of [6] and []A
0
i, i=1,2,3, in App. A of this
paper.















































































) + B04 ln(
−t
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+B06 + (t $ u)g (3.10)
The coecients []B0i, i=1,...,6, are given in App. A.
Finally, after cancellation of the UV singularities, graph (i) does not contribute.
We remark that regarding the terms 1="2, the contributions of the graphs (g) and (h)
taken separately are not proportional to the Born dγgLO=dvdw; only their sum is propor-
tional to the Born. The same holds regarding the terms 1=".
IV. GLUON BREMS CONTRIBUTIONS
In this chapter we present complete analytic results for the NLOC arising from Brems.
To the best of our knowledge, in relation with heavy quark production, such results have
not so far been presented.
With k the 4-momentum of the emitted gluon we introduce also
s2  (k + p4)2 −m2 = s + t + u = sv(1− w) (4.1)
The Brems graphs contributing to the NLOC of (1.2) are shown in Fig. 2A. The squared
sum of the corresponding amplitudes (plus those obtained via p1 $ p2) after summing over











where Gγγ is the quantity in the square bracket of Eq.(24) of [6] (plus p1 $ p2), Gγg has
the expansion
Gγg = e1 +
e2
p2  p4 +
e3
p1  p 24
+
e4
p1  p4 +
~e5
p3  k +
~e6
p1  p4 p3  k +
e7





p2  p4 p3  k + e10
p2  k
p3  k +
e11
p1  p 24 p3  k
+ f1
p3  k
p2  p4 + f2
p3  k 2
p2  p4 +
~f3
p3  k 2






p2  k +
~f6
p1  p4 p2  k +
~f7
p2  k 2 +
~f8
p1  p4 p2  k 2 +
~f9
p2  k p3  k +
~f10
p1  p 24 p2  k
+
~f11








As in Sect. III, jMγg2!3j2 is given by (4.2) and (4.3) with Gγγ , Gγg, ei and fi,
i=1,2,...,13, replacing the corresponding unpolarized quantities. The coecients []ei,
[]fi of (4.3) are given in App. B.
The Brems contribution to []d=dvdw is obtained by working in the Gottfried-Jackson
frame of Q(Q) and gluon (c.m. system of p4 and k). Details are given in [6]. The terms
with coecients []~ei, [] ~fi in (4.3) give contributions singular at s2 = 0 (w = 1) and
must be integrated in n 6= 4 dimensions. In view of the fact that the 2 ! 3 particle phase
space is proportional to s1−2"2 (Eq. (26) of [6]), the remaining terms can be integrated in
4 dimensions. The arising integrals are given in [12]. Certain terms of special interest not
given in [6] are determined in App. C.
Corresponding to the second term in (4.2), with y 
√
(t + u)2 − 4m2s, S2 = s2 + m2
and x = (1− )=(1 + ), where  =
√



































T + U − y
T + U + y


























































































In Eq. (4.5), the integrals Ii are given in the App. C of [6] and the integrals Fi in the App.
C of this paper. Also, L+  (ln(1− w)=(1− w))+, which enters through the relation
(1− w)−1−2" = − 1
2"
(1− w) + 1
(1− w)+ − 2"L+; (4.6)










1− w : (4.7)

































gg(x2)[]B(x2s; t; x2u) (4.8)
where []P fgg(x) is the 4-dimensional g ! gg split function without the (1−w) part, F ("),




Addition of loop and Brems contributions cancels the singularities 1="2 and part of the
1=". The remaining 1=" are cancelled by a factorization counterterm corresponding to the















[]Pgg(x) the g ! gg split function and MF the factorization scale.
Our cross sections will be convoluted with parton distributions evolved via two-loop
split functions. In n dimensions the split functions have the form




The polarized split functions have been determined [13,14] in the t’Hooft-Veltman scheme
[15] modied so that P nqq(x; ") = P
n
qq(x; "). In this scheme




However, our calculations were carried in dimensional reduction (Sect. I), where
P "ab(x) = P
"
ab(x) = 0 (4.13)
Thus, a conversion term dconv=dvdw should be added to our d
γg=dvdw. Conversion








gg(x2)B(x2s; t; x2u) (4.14)
with P "gg(x) given by (4.11).
The unpolarized parton distributions we use were evolved in the MS scheme, where
P "gg(x) = 0. Thus conversion term is not required.
V. SUBPROCESS γq ! Q Qq
The graphs contributing to this subprocess are shown in Fig. 2B. The squared sum
of the corresponding amplitudes, after summing over spins and colors and averaging over








qQ2 + eQeqQ3) (5.1)
where eq the charge of the light quark q. jMγq¯2!3j2 corresponding to γq ! Q Qq is given by
the same expression with an opposite sign of the last term. The quantity Q1 is given by
an expansion similar to (4.3). Next we introduce
s34  p3  p4 + m2 (5.2)
Then Q2 and Q3 are of the form:
Q2;3 = e1 +
e4
p1  p4 + e8
p2  k
p1  p4 +
~f4
p3  k
p2  k +
~f5
p2  k +
~f6











p1  k +
~f16
s34 p1  k +
~f17
s234 p1  k
+
f18
s34 p1  p4 +
~f19






s34 p2  k (5.3)
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As before, jMγg2!3j2 is given by (5.1) and (5.3) with Qr, r=1,2,3, ei and fj replacing
Qr, ei and fj . The coecients []ei and []fj are given in the last part of App. B.
The contribution to []d=dvdw is obtained by working as in Sect. 4 (c.m. frame of
Q(Q) and nal light quark). Again the terms with coecients []~ei and [] ~fj must be
integrated in n dimensions.





























= Le2qfe1 + f12F12 + f13F13 + f14F14 + ~f16F c16 + ~f17F c17 + ~f20F c20g (5.5)
dγq;Q3Br
dvdw











+ f14F14 + ~f16F
c


















We do not write down expressions containing 1=" poles coming from sets Q1 and Q2 as
they are equal with an opposite sign to the corresponding counterterms with (S2m
2=s22)
"
instead of (m2=M2F )
" (see below).
The singularities arise when the nal light quark is collinear with the initial one (k p2 =
0, Fig. 2B, graphs (a), (b)) as well as when the photon is collinear with the light quark
(k  p1 = 0, Fig. 2B, graphs (c), (d)). To eliminate them we introduce two counterterms.
In the second case the counterterm involves the Born cross section for ~q~q ! Q Q, which is
proportional to [17]:










Moreover, in n dimensions, in the t’Hooft-Veltman scheme:
P ngq(x; ") = CFf2− x + 2"(1− x)g P ngq(x; ") = CFf




P nqγ(x; ") = x−
1
2
− "(1− x) P nqγ(x; ") =
x2 + (1− x)2
2
− "x(1− x)





































Although not necessary, it is now customary and even advantageous [8] to average the
unpolarized cross section over n−2 spin degrees of freedom for every incoming boson. This
convention is employed when tting the unpolarized structure functions. As a result, for
the unpolarized case, the r.h. side of (5.8) should be multiplied by (1 + ") and of (5.9) by
(1− ").
We note that, upon integration, the singular terms in []Q3 cancel out, as they should
since there is no counterterm proportional to eqeQ.


















[]P "qγ(w)[]Bqq¯(ws; wt; u) (5.11)
Finally, we have carried our analytical calculations using REDUCE [18] and to some
extent FORM [19].
VI. PHYSICAL CROSS SECTIONS
Here we present the necessary formulas needed for calculation of the dierential and
total cross sections for the physical process γp ! Q + X. This includes derivation of
physical cross sections for both components of the reaction, i.e. pointlike and resolved,
the latter to leading order (LO). Note we always observe a heavy quark in the nal state.
Capital letters in this chapter refer to the kinematic variables of the physical process and
small letters to those of the subprocess. Starting with the pointlike component, the total






b denotes the corresponding parton, fb=p its probability distribution and
s = xS; xmin = 4m
2=S: (6.2)
















(1 ); wmin = m
2
sv(1− v) : (6.4)
To derive the transverse momentum dierential cross section we note that the transverse
momentum pT of a heavy quark is invariant under boosts along the beam axis; also, that






























The integration limits on the c.m. rapidity y are





with wm  4(p2T + m2)=s. Integration over rapidities in (6.7) is not well dened for "plus"
distributions (given in (4.7)) in the partonic cross section. The problem is solved with a
change of variables; One needs to consider an integration contour for a heavy quark rapidity
y and split it into two parts that no overlapping (i.e. double counting) occurs. Formally


































The correct sign in (6.9) is dierent in dierent integration regions, e.g. in the region
[y0; ymax] the function e
−y decreases when one goes from y0 to ymax, thus minus sign in
(6.9). Similarly, we nd that for the rst term of (6.8) the sign for e−y in (6.9) should be































However, even the expression (6.10) is not well suited for numerical integration. One
notices that there is a numerically divergent (though analytically integrable) square root in
the denominator. The singularity comes from the lower limit xmin(pT ) of the x integration.
To avoid this minor problem one more change of variables is necessary. Instead of the old





; w0 = w: (6.12)
To correctly dene integration limits for the new variables one has to perform a nontrivial


























2) is a momentum distribution and
zm =
√
1− xmin(pT ); w0m =
xmin(pT )

















xmin(Y ) = e
−Y =(
p
















s=m− e−y ; v =
1
1 + we−2y




Finally we turn to the resolved LO photon contributions. We dene the doubly dier-
























)1=2; s = x1x
0
2S: (6.19)
The expressions (6.1) - (6.19) give all the formulas we have used.
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VII. NUMERICAL RESULTS




S = 10 GeV, relevant
to the experiments [1] and [2; (a)] and
p
S = 100 GeV, as well as for Q=b-quark (mb = 5
GeV) at
p
S = 100 GeV; the later energy is relevant to HERA. Higher HERA energies are
not considered as the cross sections become too small. The eect of changing mc is also
considered.
We use the NLO sets of polarized parton distributions of [20], which can be characterized
in terms of the polarized gluon distribution g (x) as follows:
Set A: g (x) > 0 and relatively large
Set B: g (x) > 0 and small
Set C: g (x) changing sign; g (x) < 0 for x > 0:1.
Notice that in the presented results also the LO contribution is convoluted with NLO
distributions; in this way we believe that e.g. the magnitude of K-factors more properly
reflects the NLO subprocess terms. Also, we use throughout the NLO expression of s ()
with the values for the QCD scale , flavor thresholds and number of active flavors Nlf =
N − 1 that match the denitions corresponding to heavy quark decoupling. We note
that in [5] the above values were taken to match the denitions for the respective parton
distributions. However, we have explicitly veried that this amounts to a negligible change
in the nal numerical results. Note, in (2.8) we take M = m.
At this moment there is no experimental information on the polarized photon structure
functions Fq=γ and Fg=γ , which determine the resolved γ contributions. To estimate
them we have used the LO maximal and minimal saturation sets of [21], as well as the sets
of [22], which belong to the class of the so-called asymptotic solutions. The two sets of
[21] give contributions diering little, with the maximal saturation one slightly exceeding;
the results presented below correspond to this set. The largest resolved contributions come
from [22].
In Figs. 3I, II and III, at
p
S = 10 and 100 GeV we present quantities related with
the dierential cross sections d=dpT , where pT = p3T (Fig. 1), versus xT  2pT=
p
S.
Measurement of such cross sections at
p
S  10 GeV may be carried in (a) of [2]. Here we






In the parts (a) of Figs. 3I, II and III we present the NLO and LO (denoted by a )
contributions to the physical dierential cross section for sets A, B and C of [20]. For set
B we also present the contribution of subprocess (1.3) and of the resolved photon.






The unpolarized distributions are the most recent set, CTEQ5 [23]. In ALL the resolved
γ contributions have been left out since they are small and what is presently known does










S = 10 GeV we use the conditions of [1] (PB = 80%, PT = 25%, L = 2 fb
−1, c-quark
detection eciency c = 0:014) and unpolarized cross section  integrated over a bin of xT
corresponding to pT = 0:5 GeV. At
p
S = 100 GeV we use PB = PT = 70%, L = 100
pb−1, c = 0:15, for b-quark b = 0:05 and  integrated over a bin corresponding to pT = 5
GeV.
Figs. 3I(a) and 3II(a) show that between
p
S = 10 and 100 GeV the shape of the
LO dLO=dpT and NLO d=dpT varies dramatically; this also holds for the K-factor,
K = d=dpT =dLO=dpT .
Most impotrant is the possibility to distinguish between sets A, B and C. Fig. 3I(b)
shows that at
p
S = 10 GeV near xT = 0:3 one can distinguish A and C and perhaps all A,
B, C. Figs. 3II(b) and 3III(b) show that at
p
S = 100 GeV the best range is 0:2  xT  0:3;
and for Q = c one may distinguish all A, B, C, but for Q = b only A and C.
In Figs. 4I, II and III we present rapidity distributions. Here we use  = Mf = 2m.





The errors have been estimated using (7.2) where now the unpolarized cross sections  are
integrated over a bin Y = 1.
Fig. 4I(b) shows that at
p
S = 10 GeV the region 1:25  Y  1:5 is the best to
distinguish set C from A or B. Fig. 4II(b) shows that at
p
S = 100 GeV for c-quark,
ALL(Y ) has become too small. At Y  −1 it seems one can distinguish all A, B, C, but
d=dY is small for all sets (Fig. 4II(a)). Perhaps more promising is the range 0  Y  1,
where one can distinguish C from A or B. Finally Fig. 4III(b) shows that detection of
b-quark is not useful due to large errors (b small).
Figs. 5I,II and III present integrated cross sections  and the corresponding asymme-
tries ALL = = versus the c.m. energy
p
S. The scale is again  = M = 2m.
Comparison of Figs. 5I and 5II shows that at the two dierent ranges of
p
S the changes
in the shapes and signs of  and ALL is again dramatic; clearly the same holds for the
corresponding K-factors, K = NLO=LO.
In Fig. 5I(b) the error (at
p
S=10 GeV) is estimated using again in (7.2) the conditions
of [1]. Under these conditions we conclude that sets A and C can be distinguished, but not
sets A and B or B and C. The proposed SLAC experiment [2a], which amounts to better
conditions, and will give results at somewhat lower
p
S, may distinguish also B and C.
In Figs. 5II(b) and 5III(b) the errors (at
p
S=100 GeV) have been estimated using
again the values of PB; PT ; L; "c and "b stated after Eq. (7.2). For c-quark, j ALL j are very
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small due to relatively large unpolarized cross sections . For the same reason, however,
the error ALL is not very large, so set C can be distinguished from A or B. For b-quark,
due to a combination of small "b and rather small , the error is very large and precludes
any useful information on g.
Finally, Fig. 6, for the integrated NLO cross sections  and  and for the asymmetries
ALL = =, shows the eect of changing the c-quark mass mc (part (a)) and the scales











similarly for  and ALL. Fig. 6(a) shows that at the lower
p
S the eect of changing mc is
more pronounced.
VIII. COMPARISON WITH OTHER PUBLICATIONS
Figs. 3II(b) and 3III(b) show that at small xT , ALL(pT ) is small; the same holds for
ALL(Y ) of Fig. 4II(b). This may lead one to conclude that HERA is rather useless in
specifying g [5]. However, it may not be so. On the basis of Figs. 3II(b) and III(b),
reconstruct events and select only those with, say, xT > 0:2, i.e. carry integrations of
d=dpT over some cut phase space. This may well enhance the resulting ALL [24].. Of
course, an estimate of the corresponding errors is required to reach a denite conclusion.
Finally, since we present analytic results for the unpolarized cross section as well, we
will compare with similar results of [8] ("soft" part, Eq. (2.24) of [8]); here the relevant
part is the last three lines of Eq. (4.5). Ref. [8] uses the phase space slicing method, which





the necessary framework to relate these two methods is developed in [25]. Now, concerning
terms involving t and u, we easily see that they are exactly the same, except that t and
u are interchanged (c.f. our denition, Eq. (2.1) with that of [8], Eq. (2.13)). The only
dierence seems to arise from the coecient of (2), which is −2 in our case versus −3=2
in [8]. Note, however, that our coecient F (") in (3.6) contains Γ(1 + "), which upon
expansion in powers of ", gives a term ("2=2) (2); this accounts for the dierence. Since
F (") appears both in our loop contribution (3.6) and in our Brems contribution (4.7),
the overall result is unaected. To verify our calculation we have evaluated numerically
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the NLO MS scaling functions for the partonic γg cross section, taking into account an
additional "mass" factorization term given in eq. (6.31) of [12], and compared it to the
corresponding curves of Fig. 5 of [8]. We found exact agreement. We have also explicitly
veried that the sum of our non-Abelian loop contributions and the Brems ones, that are
proportional to the Born contribution, equal analytically the corresponding "virtual+soft"
expression presented in [5].
IX. CONCLUSIONS
In this paper we have presented the complete analytic results for the heavy flavor
photoproduction for both, longitudinally polarized and unpolarized initial particles, in a
closed form. These include the NLO contributions of the hard Brems due to the relevant
partonic subprocesses (1.2) and (1.3) that are presented for the rst time in analytic form.
We have computed numerically various total and dierential cross sections for the energy
ranges of CERN, SLAC and HERA. We have discussed the possibilities to dierentiate
between various scenarios for the polarized gluon distribution g and have once more
emphasized the way to enhance the asymmetries for HERA energies by measuring the
dierential cross sections with the help of certain acceptance cuts (see also our earlier Ref.
(a) of [24] on this subject).
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APPENDIX A
Here we present the coecients of the loop contributions. In the following []Ai, i=1,3,
are given in App. B of [6]. For []da−e=dv given in Eq. (3.2):
 ~A1 = A1;  ~A2 = −4[2(7s2=t2 + 8s=t + 6)m2=u + 11s2=tu + 24s=u + 26t=u +
12t2=su + st=uT − 2t2=sT ]m2=T
 ~A3 = A3=2;  ~A4 = 4[(2u=t− s=u)m2=t− 2s=t + 2u=s]m2=T
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~A1 = A1; ~A2 = 4[(24s=t− 2s2=tT + 2s=T + 12t=T )m4=tu + (s=t + 6t=s + t=T + 11)
m2s=uT − 2t2=T 2]
~A3 = A3=2; ~A4 = −4[4m4s=ut2 − (2s2=t2 − s=t + t=T − 2)m2=u− t=T ] (A1)
For []d~g=dv and []dg=dv given in Eqs. (3.5) and (3.7):
A01 = m2s=t2
A02 = 4[2m4s2=Tut2 − (8su=t2 + 9u=T − 8− t=T − 8t2=sT − st=T 2 + 2t2u=sT 2)m2=u]
A03 = 4[m4s=Tut− 2(s=t− 1− t2=sT )m2=t]
A01 = −m2s2=t2u− 1
A02 = −4[(16sT=t2 + 2s2=t2 + 8− u=T + t=T )m4=uT + 2(s=u− 2s=T )m2=t]
A03 = 4[(4sT=t2 + s=t + 2)m4=uT + 2m2s2=ut2 + 3] (A2)
For []d~h=dv and []dh=dv given in Eqs. (3.9) and (3.10):
B01 = 2[4(5=u + 1=t)m4=t + (5=u + 7=t + 4u=t2)m2 + (4=u + 3=t)(t2 + u2)=s]
B02 = −(15s2=tu− 62)m2s=tu− 4(s2=tu + 8)m4=tu + 13=4(s2=tu− 2)
B03 = 2[(3=u + 4=t)(u− t)m2=t + (1=s− 1=t)(t2 + u2)=u]
B04 = 4[2(2=u + 3=t + u=t2)m2 − (t2=u− t + 9u + 3u2=t− 6tu=T − t4=T 2u + t3=T 2)=s]
B05 = 8(s2=tu− 3)m2s=tu
B06 = 2[2(1=T + 1=U)m2=s + 2(t2=u2 + u2=t2 + 2t=u + 2u=t)=s− t=uU − u=tT −
(t3=u− 2tu + u3=t)=sTU ]m2
B01 = 2[4(1=t− 3=u)m4=t− (1− u=t)(1=u + 2=t)m2 + 4t=u + 2 + 3u=t]
B02 = [4(29=u2 − 6=tu + 29=t2)m4 − 2(1=u2 − 12=tu + 1=t2)m2s− 13t=u + 4− 13u=t]=4
B03 = 2[4(1=t− 3=u)m4=t + (2u=t2 − 1=t− 5=u)m2 − 2s=u + u=t]
B04 = −4[2(4=u + 1=t)m2s=t + 4t=u− 3s=t− 2t2=Tu− t=T − 2t3=T 2u] (A3)
B05 = −16(1=t2 + 1=u2)m4
B06 = −4[(t=Uu2 + u=T t2)m4 − (5s=tu− 1=U − 1=T − t2=TUu− u2=TUt)m2 + 2tu=TU ]
APPENDIX B
In this Appendix we list the coecients of the Brems contributions. For Gγg given in
Eq. (4.3) and dγgBr=dvdw given in Eq. (4.5), the coecients ei and fi are
e1 = 16[4(s=s2u− 1=u + 1=t)m2=t + 3s=s2u− 2=u− s=s2t− s2=tu− u=s2t]
e2 = 8[8(−s=u− 1 + s=t)m4=s2t + 2(2s=u− 2 + 4s=t− 3ss2=t(s + u))m2=s2 −
4s2=s2u + 4s=u− 2s=s2 − u=s2 + u=t + 2ss2=tu + 3u=(s + u)]
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e3 = 0; e4 = 8[4(s=u + s=s2 − t=s2)m2=t + ss2=tu + su=s2t− 2u=s2 − 2]
~e5 = 8[8(t=u + 1)m
4=s2t− 2(s2=s2u + s=u + 4t=s2 − 2s2=u)m2=t + st=s2u +
4s=s2 − 2 + su=s2t + 2u=t]
~e6 = 4[8(s=u− s2=t + u=t)m4=s2 + 2(2st=s2u + s=s2 − s2=u + 2 + 2ss2=tu−
2s2=s2t)m
2 + s(s2 + u2)=s2t]
e7 = 4[8(s2=u− 1)m4=t + 2(2s=u + 3− s2=s− 2s22=tu + 2s=t)m2s=(s + u)−
ss2(s
2 + s22)=t(s + u)u]; e8 = 16(s2=u− u=s2)=t
~e9 = 4[8(t=u + s=t)m
4=s2 − 2(2s2=s2u− 2s=u + 2s2=u− 2 + (st=s2 + 2su=s2 −
s2)=(s + u))m
2 − st(2s=s2u− 2=u + (s2=u + u=s2)=(s + u))]
e10 = 16(t=u− u=t)=s2; e11 = −16m4s=u
f1 = 16[4(s=u− 1)m2=s2t + (3=s2 + 1=t)s=u]; f2 = 32(s + u)=ts2u
 ~f3 = f2;  ~f4 = −32[(2=s2 + 2=t− s=s2u)m2=t + 1=t + 1=s2]
 ~f5 = 8[2(s=s2u + s=tu− 2u=t2 + s=t(s + u)− 4ss2=t2(s + u))m2 − s2=s2u +
2s=u− 2s=s2 + 2− 2u=s2 + ss2=tu + s2=t + (u + 2s2u=t)=(s + u)]
 ~f6 = 4[2(2s
2=s2u + s=u + s2=u + 3s=s2 + (s + 2su=s2 − 3s2 − 4s(s22 +
u2)=tu)=(s + u))m2 + s2=s2 + 2su=s2 + 2u
2=s2 − 2s2=t− 4su=t +
2s22=t− 2u2=t + (s22 + u2)=(s + u)]
 ~f7 = 0;  ~f8 = 0
 ~f9 = 4[2(2s=u− 2s22=tu + s2=t− (ss2=u + 2su=t− s2u=t)=(s + u))m2 + s2 −
2t− s22=t− u2=t + (s22 + u2)=(s + u)]
 ~f10 = −8(2s + t)m2;  ~f11 = 0 (B1)
For Gγg given in Eq. (4.3) and dγgBr=dvdw given in Eq. (4.5), the coecients ei and fi are
e1 = 16[4(1=s2u + 1=s2t− 1=t2)m2 − 3s=s2u + 2=u− 1=s2 − s2=tu− 1=t]
e2 = 8[−16(1=t + 1=u)m6=s2t− 8(3t=s2u + 2=u + 2=s2 − 1=(s + u))m4=t +
2(s2=s2u− 8s=u + 4s=s2 − 1 + 2u=s2 − 3s2=t + u=t)m2=(s + u) + u=s2 −
4st=s2u− 2s=s2 + (2s2 − 2u + 2ss22=tu + s2u=t)=(s + u)]
e3 = −16m2
e4 = −8[8m4(1=u + 1=s2)− 2m2(s=u− s=s2 − 2s2=u− 2u=s2) + (s2 + u)(2 +
2u=s2 + 2s=s2 − s=u + s=s2)]=t
~e5 = 8[8(s=s2 − 1)m4=tu− 2m2(s=s2u + 2=u− 5=s2 + 3=t− u=ts2) + s2=s2u− s=u−
s=s2 + 4 + su=ts2 − 2s2=t + 2s2=ts2]
~e6 = 4[16m
6(1=su− 1=s2u− 1=ts2) + 8(su− (s− s2)2 − (s2 − u)2)m4=ts2u + 2m2(t=u +
s=s2 − 1 + s=t)− s(s2 + u2)=s2t]
e7 = 4[16(s2=u− 1)m6=st + 8(s2 + ss2 + s22)m4=tu(s + u1) + 2m2(3s=t + (ss2=u− s2 −
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2ss2=t)=(s + u))− ss2(s2 + s22)=tu(s + u1)]; e8 = 16(s2 + u)2=ts2u
~e9 = 4[16(s=s2 − 2 + s2=s− u=s)m6=tu + 8(s2=u− 3st=s2u− 2 + u=s2)m4=(s + u) + 2m2 
((s− s2)(1=u + 1=s2)− 1 + 2(s2 − s)=(s + u)) + (s2=u− 2 + u=s2 − 2st=s2u)st=(s + u)]
e10 = −16(1=t− 1=u)(s=s2 − 1); e11 = 32m6=u
f1 = −16[8m4=ts2u + 2(2=u + s=tu)m2=s2 + s=u(1=t + 3=s2)− 2ss2=t(s + u)u]
f2 = 32(1=t + 1=s2)=u; ~f3 = f2
~f4 = −32[4m4=ts2u + 2(1=s2 + 1=t)m2=u− 1=s2 + s2=t(s + u)]
~f5 = −8[8m4(1=s2u + 1=tu + (1=t− 2s2=t2)=(s + u))− 4m2(1=t + 2s2=t2 − (st=s2 +
ss2=t)=(s + u)u)− t=u + 2t=s2 − s22=tu + (s2t=s2u + 2u− 2s2u=t)=(s + u)]
~f6 = 4[8m
4(s2=ts2u− 1=s2 − 4=t− (s=t− s2s=ut− s2u)=(s + u)) + 4(s2=s2 + su=s2 −
2s2 + s− u− s2(s + s2)=(s + u))m2=t− (1− (s22 + u2)=(s + u1)t)(s + s2 + u)2=s2]
~f7 = −32(s + u)2m2=t2; ~f8 = 32(s + u)m2u=t
~f9 = 4[8m
4(s2=tu + s2=u + s2=t) + 4m
2(ss2=t + s2 − 2s) + (s2=t− 2)(s22 + u2 − st−
ut)]=(s + u); ~f10 = 16m
2(2m2 + u); ~f11 = −8m2u2 (B2)
Now we shall write down the coecients []ei and []fj for the subprocess γq ! Q Qq.
For Q1 we have:
e1 = −8(2m2 − t)=t2; e3 = 0; e4 = −8  s=t; e8 = 0
 ~f4 = 8(2m
2 + t)=t2;  ~f5 = 4(2(s2 + s)m
2 − ut)=t2
 ~f6 = −2(2m2 + 2s2 − t);  ~f7 = 0;  ~f8 = 0;  ~f10 = 2(2s + t)m2;  ~f11 = 0
e1 = 8(2m
2 + t)=t2; e3 = 4m
2; e4 = 8(2u + s)=t; e8 = −16=t
~f4 = 8=t; ~f5 = −4(4m4 + 4m2s2 + ut)=t2
~f6 = 2(4(s2 + u)m
2 + 2(2s + 3t)s2 + 8m
4 − 4s22 − 2s2 − 4st− 3t2)=t
~f7 = 8(s2 − t)2m2=t2; ~f8 = −8u(s2 − t)m2=t
~f10 = −4(m2 + u)m2; ~f11 = 2u2m2 (B3)
For Q2:
e1 = −16=s; f12 = −8=s; f13 = −8m2=s; f14 = −8(2m2 + u)=s
 ~f15 = 8t=s;  ~f16 = 2(2u(s + t)− 4m2s + s2 + 2ts2)=s
 ~f17 = 2m
2s;  ~f20 = 0
e1 = 16=s; f12 = 8=s; f13 = 8m
2=s; f14 = 8(2m
2 + u)=s
~f15 = 8(2m
2 + u)=s; ~f16 = −2(4m2s− 4s22 + 6s2s + 4s2t− 3s2 − 4st− 2t2)=s
~f17 = 2m
2s; ~f20 = −16=s (B4)
And, nally, for Q3:
e1 = 8(s2 − 2s + t)=st; e4 = −8; e8 = 0
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 ~f4 = −8(s2 − t)=st;  ~f5 = 4(2(s2 − t)m2 + s22 − s2t− ut)=st
 ~f6 = −2(2(2s + t)m2 − 2s2t + t2)u=(s + t)s; f12 = 8(s2 − s)=st
f14 = 4(2(s2 − 3s)m2 − 2su + 2s2u + ts2)=st;  ~f15 = 8
 ~f16 = −2(2(s + 2t)s2 − 2m2s− s2 − 4st− 2t2)u=(s + t)t
f18 = −2(2((2s + t)s2 + 2s2 + 2st)m2 − (2u + t)s2t)=(s + t)s
 ~f19 = −2(2(s + t)s2 − 2m2s− s2 + 2ut)s2=(s + t)t;  ~f20 = 0;  ~f21 = 0
e1 = −8(s2 − 2s− t)=st; e4 = 8(2m2 + s2 + u + tu=(s + t))=s; e8 = −16=s
~f4 = −8(s2 − t)=st; ~f5 = 4(2(s2 − t)m2 + s22 − s2t− ut)=st
~f6 = −2(2(4s=t + t=(s + t))m2 + 2s2 + 2u + (2s2t− 4s22 − t2)=(s + t))u=s
f12 = −8(s2 − s)=st; f14 = −4(2(s2 − 3s)m2 + 2s2u + s2t− 2su)=st
~f15 = 8(2m
2 + u + ss2=(s + t))=t
~f16 = 2(2m
2s− 4s22 + 6s2s + 4s2t− 3s2 − 4st− 2t2)u=(s + t)t
f18 = −2(2(4su=t + 2s− s2t=(s + t))m2 + s2(s2 + u− ((s− 2s2)2 + 2s2s)=(s + t)))=s
~f19 = 2(2(s + 2t)s2 − 2m2s− 4s22 − s2 − 2st− 2t2)s2=(s + t)t
~f20 = −16=t; ~f21 = −16m2s=t (B5)
APPENDIX C
We give here the Brems integrals, Fi, i = 1; :::; 11, appearing in Eq. (4.5) and also in
Eqs. (5.4) - (5.6). Dene,
P1 = us2 − s(t + 2m2); P2 = s((t + m2)(us2 −m2s)−m2(s + u)2) (C1)
We may now write down the integrals:
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; F c4 =
P1
(s + u)2
; F s5 = −
2S2
s2(s + u)
; F c5 = 0
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F s6 = −
4S2
s2ut
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11 proportional to 1 − " cancel out exactly in Eq. (4.5).
The singular and nite parts of these integrals can be found in Appendix C of [12]; below
we give the derivation of O(") terms.
We use the momentum parametrizations of Appendix A of [6] and, as in [12], we denote
F (k;l)n 
∫
dΩn(a + b cos 1)











All the above integrals are proportional to 1=a2 = 1=!2k!
2
2  1=s22  1=(1− w)2; since the
2 ! 3 particle phase space is proportional to (1− w)1−2", in view of Eq. (4.6), the terms
of O(") give nite contributions proportional to (1− w).
Integral F7  ∫dΩn=(p2  k)2:
This is of the type I^(2;0)n of [12]. The result is






(1− " +O("2)) (C5)
Integral F8  ∫dΩn=(p2  k)2(p1  p4):
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This is of the type I^(2;1)n of [12], and determination of the O(") term proceeds as follows.
First, dening
H  A + B cos 1 + C sin 1 cos 2; (C6)
one can show the identity
1













and by repeated application of it:
sin 1









(1− cos 1) +
B sin 1
H
− C(1 + cos 1) cos 2
H
]
− C cos 2
A + B
[
(1 + cos 1)
(1− cos 1) +










B sin 1(1 + cos 1) cos
2 2
H




Note that the fth term vanishes due to the integration over 2. Also, terms with only
H in the denominators are nite, consequently have no poles and cannot produce nite
contributions from their O(") terms. Thus, we are left with the terms 1,2 and 7. After
integrating them in n-dimensions, summing and keeping the relevant order " terms, we





Integral F11  ∫dΩn=(p2  k)2(p1  p4)2:





Finally, we give the Brems integrals, Fi, i = 12; :::; 21, appearing in Eqs. (5.4) and (5.6).
With
P3 = 2m
2s + u(s− s2); Z = 4m2s(s + t)− s22t (C11)
we have:
F12 = − 1
y2
[P1(t $ u) + s
2
P3F14]












s2(s− s2) + 2m2s + s2y
s2(s− s2) + 2m2s− s2y
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F s15 = −
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s2(s + t)
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FIGURE CAPTIONS
Fig. 1. LO and loop graphs. In the loop graphs p1 $ p2 crossed ones are not shown. Note
that graph (i), representing gluon, quark and ghost loop, does not contribute here.
Fig. 2. A) Gluon Brems graphs; p1 $ p2 crossed ones are not shown. B) Graphs of the
subprocess γq ! QQq.
Fig. 3. Quantities related with the pT distributions versus xT = 2pT =
p
S: Parts (a): Po-
larized dierential cross sections; the LO (Born) ones are indicated by . Parts (b):
Asymmetries for sets A, B and C. 3I: Q = c,
p
S = 10 GeV. 3II: Q = c,
p
S = 100
GeV. 3III: Q = b,
p
S = 100 GeV.
Fig. 4. Quantities related with the rapidity Y distributions: Parts (a) and (b), as well as 4I,
4II and 4III as in Fig. 3.
Fig. 5. Quantities related with the integrated cross sections for ~γ~p ! Q + X: (a) Factors
K = =LO (b) Asymmetries.
Fig. 6. At c.m. energies
p
S = 10 and 100 GeV, for integrated cross sections and with solid
lines for , dashed for  and dotted for the asymmetry ALL: a) The ratio Rm (see
end of Sect. VI) with m = mc; b) The fractional variation Rsc with the scale  = Mf
and with respect to  = Mf = 3 GeV. For both a) and b) the lines specied by +
refer to the corresponding quantities for
p
S = 100 GeV.
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